Time evolution of the position-velocity correlation functions (PVCF) plays a key role in a new formalism of Brownian motion. A system of differential equations, which governs PVCF, is derived for magnetic Skyrmions on a 2-dimensional magnetic thin film with thermal agitation. In the formalism, a new type of diffusion coefficient is introduced which does not come out in the usual diffusion equations. The mean-square displacement (MSD) is obtained from the PVCF and found that it oscillates in time when the damping constant is small. It is also shown, even for a structureless particle, that the famous Ornstein-Fürth formula should be corrected taking a proper initial value of PVCF into account.
Time evolution of the position-velocity correlation functions (PVCF) plays a key role in a new formalism of Brownian motion. A system of differential equations, which governs PVCF, is derived for magnetic Skyrmions on a 2-dimensional magnetic thin film with thermal agitation. In the formalism, a new type of diffusion coefficient is introduced which does not come out in the usual diffusion equations. The mean-square displacement (MSD) is obtained from the PVCF and found that it oscillates in time when the damping constant is small. It is also shown, even for a structureless particle, that the famous Ornstein-Fürth formula should be corrected taking a proper initial value of PVCF into account. Skyrmionic diffusion is viewed as a motion of the topologically protected local excitations in a thermally fluctuating magnetic medium. When the form of the excitations changes marginally in a moderate thermal condition, the excitations Skyrmions act as small particles immersed in a liquid, and therefore, established methods for analyzing Brownian motion can be applied. The standard approach to the problems of free diffusion has been based on Einstein's classical result for the mean-square displacement (MSD) [1] , lim t→∞ x 2 (t) = 2D xx t, and ditto for y. For an isotropic 2-dimensional case the other relation, x(t)y(t) = 0, holds, because of its rotational symmetry. Differentiating these relations with respect to time t, the equations are expressed in a compact form,
where
The diffusion coefficients D ij are described by means of the position-velocity correlation functions (PVCF) and are the coefficients of 2nd-order partial derivatives ∂ 2 /∂x i ∂x j in the diffusion equation. Although it is obvious that the terms of D xy and D yx cancel each other out in the diffusion equation, it dose not mean at all that their values vanish. In this Letter, we develop a new formalism of the diffusion process, specifically suitable for skyrmionic diffusion, where the diffusion coefficients D xy and D yx play an important role. Furthermore, we give a correction to the century old famous Ornstein-Fürth formula [2, 3] which has been used for an expedient determination of the MSD.
The motion of Skyrmions is governed by the generalized Thiele-Langevin equation [4] [5] [6] . For the 2-dimensional velocity v = v xx +v yŷ , the equation is given in the following form
where α is the Gilbert damping constant, D the dissipation dyadic, G = −Gẑ the gyromagnetic coupling and R(t) = R x (t)x+R y (t)ŷ the random force due to thermal fluctuations. αD describes the friction and the stochastic property of R(t) has been obtained from the dynamics of a classical magnetic moment with thermal agitation [6, 7] as
where the variance of the random force is given by C R = 2k B T αD. It is worthy to note that C R is defined a priori and not determined a posteriori in the theory of skyrmionic diffusion. The Thiele equation was originally formulated for the steady motion of magnetic domains [4] , that is, the left-hand side of the Eq.(3) does not appear. It is a natural generalization to add a term of first derivative of the velocity that is not constant anymore. The coefficient in the term is presumably called mass that is not necessarily a scalar but tensor. Since our system under consideration is 2-dimensionally isotropic, the tensor should have a form employed in the Eq.(3). Since R(t) is isotropic, that is, independent of the rotations aroundẑ-axis, the Eq.(3) can be reduced to the form which does not explicitly depend on ϑ
where γ and Γ are defined by
Introducing a standard Wiener process {W (t), t ≥ 0} and its increment
we rewrite the Eq.(5) in terms of stochastic differential equation (SDE) [3] . In SDE terminology, Itô's form of Eq. (5) together with the position increment expressed by the velocity and a time increment, is given by
It is important to note that a different stochastic integration, such as Stratonovich's form, does not alter the results since the coefficient of dW is a constant. We proceed further to manipulating equations by applying the product rule of Itô's stochastic calculus. It is a rule for the increment of a product consisted of 2 stochastic variables, d(f g) = (df )g + f dg + df dg, and the last term, the product of 2 increments, is not negligible owing to the equality Eq. (8) . Accordingly, we construct the following 3 SDEs from the Eq. (7).
Then we take an average over all trajectories of W (t) and symbolize it by · · · . Since, by definition,
in accordance with the rule of Itô's stochastic integration, we obtain a system of ordinary differential equations (ODE),
for the 3 variables Q P , Q S and Q V which are defined by
is the PVCF between parallel (perpendicular: senkrecht) position-velocity components. Recalling the Eqs. (1) and (2), they can be written more concretely,
Only Q V is coupled directly with C R and trading thermal energies with the random force, while Q S is not coupled directly with Q V and, therefore, describes dissipationless processes.
For the stationary or equivalently setting t = ∞ for the solutions of the Eq.(10), we have the diffusion coefficients
in addition to
The former relationship given by the Eq.(11) is a Skyrmion version of Einstein's formula and the latter given by the Eq.(12) is corresponding to Nyquist's theorem [3] . These 2 kinds of fluctuation-dissipation theorems are derived simultaneously in our formalism. And it should be emphasized that the anomalous diffusion coefficients D xy = −D yx are present and have a sizable value, which we inferred earlier from general symmetry requirements and calculations of the velocity autocorrelation functions. Hereafter we call them gyro diffusion coefficients. All the diffusion coefficients in the Eq.(11) are independent of the mass m introduced in the Eq. (3), while all the PVCF depend on it. Especially, the diffusion coefficients D xx = D yy do not depend on the tensor component of mass ϑ, since
for any ϑ. When ϑ = 0 for the case of scalar mass, the expression for D xx (= D yy ) has been given [5, 6] but for D xy (= −D yx ) is shown for the first time,
An unusual form of the diffusion coefficients D xx (= D yy ) can be explained by interaction with the gyro diffusion in our formalism. The ratio G/αD (αD/G) varies possibly 0.01 ∼ 100 (100 ∼ 0.01) , while the character of diffusion changes correspondingly from the normal to the suppressed [5, 6] . The gyro diffusion coefficient does not appear in the diffusion equations. It means that the diffusion equations describe only processes with a dissipation. Wrapping up discussion on the stationary solutions, we study now, the time evolution of the PVCF governed by the Eq.(10). Since the system is assumed to be in equilibrium and the velocity distribution stationary, Q V (t) = C R /2γm
2 , the equations are reduced to a coupled non-homogeneous ODE,
The general solutions of the equation are given in the form
cos Γt sin Γt − sin Γt cos Γt ×
that is, solutions of the homogeneous equation with initial conditions (Q P (0 + ), Q S (0 + )) and a particular solution satisfying (q P (0), q S (0)) = 0.
Caution is demanded when we estimate the initial conditions, especially on Q P (0 + ) that in not continuous at
On the other hand, at the infinitesimal positive time t = 0
where δx = x(δt) − x(0) and the above equation is another definition of the normal diffusion coefficient [3] . And the other initial value Q S (0 + ) = Q S (0) = 0, since x(t)y(t) = 0 for any t.
The solution employing the above mentioned initial conditions, is given by
We draw the time evolution of the PVCF (Q P (t), Q S (t)) given by Eq.(17) in the Fig.1 and show their α dependence. The curves are normalized by the value of Q P (0 + ) for (αD/G) = 1 under which condition the diffusion coefficients D xx (= D yy ) are maximal [6] while the gyro diffusion coefficients D xy (= −D yx ) take a maximum absolute value at α = 0. The features of the PVCF differ drastically between the panels (a) and (b) across the condition (αD/G) = 1, although they all converge to the diffusion coefficients when t → ∞. We are finally back to discussion on the MSD. Since we have d(x 2 ) = 2x · dx = 2x · vdt from the Eq. (7), the MSD can be calculated by integrating Q P (t) given in the Eq.(17) over the time period t,
As is expected, the leading term is proportional to t whose coefficient is the diffusion coefficient. In the Eq.(18) we use explicitly the 2-dimensional isotropy D xx = D yy , and hence factor 2 stands for the dimension. It should be noted that the tangential line does not pass through the origin and its ordinate intercept is positive and given by 2D xx /γ. In Fig. 2 and 3 , we show the MSD given by Eq.(18) which are obtained from integrating the PVCF plotted in the panels (a) and (b) in the Fig. 1, respectively . In the range of α = 0.01 ∼ 0.2, the diffusion coefficients D xx (= D yy ) are suppressed and become smaller for the smaller friction (Fig. 2) . The MSD for small α ≤ 0.1 oscillates in time and repeats dilation and contraction like a breathing which is, however, easily suppressed by a small tensor component of the mass ϑ = 1 deg. (see the black dashed line.) The breathing that we discuss, is neither the Skyrmion-form breathing nor the breathing of Skyrmion distribution as a whole. Nevertheless, we observe the breathing in the MSD on an average if we trace Skyrmions one by one. In the range of α ≥ 0.5, the diffusion coefficients become smaller for the larger friction (Fig. 3) . The MSD curves shows a typical diffusion properties described by Einstein's formula. From the ordinate intercept, we estimate the persistence time 1/γ. (see the black dotted line.) We calculate another physical quantity by integrating Q S (t) which is presumably called the mean rotation area.
The integral depends on the path of diffusing Skyrmions unlike the case of the MSD in the Eq.(18). Hence the mean rotation area is well-defined only in the continuous limit. In the experiment, a time step of observations is chosen enough small to make the integral converge. Otherwise, as is so in the Eq.(18), the gyro diffusion coefficient D xy (= −D yx ) is estimated by the values of the mean rotation area.
At the end, we compare our theory to the existing theory, the formulation for the MSD by Ornstein and Fürth.
Setting G = 0 (Γ = 0) in our theory, we obtain the MSD for structureless particles of the 2-dimensional. It was a problem that they studied and derived the so-called Ornstein-Fürth formula [2, 3] ,
where the upper sign (−) is their result and the lower sign (+) ours. A unique feature of their formula is that the MSD is v 2 t 2 when t ≪ 1/γ and 4D xx t when t ≫ 1/γ. Their explanation is that no scattering takes place within a short period of time and therefore, the range is given by δx = v 2 δt. Although the explanation is plausible, it is, in fact, attributed to the choice of initial conditions that is not accessible by their method integrating the velocity autocorrelation function. As we have seen, the MSD satisfies the 2nd order differential equation that needs 2 initial conditions, the first x 2 (0) = 0 and the second is x 2 (0) ′ = 2Q P (0 + ) given in the Eq.(16). As might be expected, we achieve the Ornstein-Fürth formula if q P (t) is the integrand instead of Q P (t). The formula has still remained a standard with which experimental data are analyzed [8, 9] and therefore, it is important to point out and give it a correction.
In conclusion, we developed a new formalism of Brownian motion and applied it to the problems of Skyrmionic diffusion. A new type of diffusion coefficients and corresponding diffusion processes were predicted. In the formalism, the velocity and position distribution are treated on the same footing, introducing the position-velocity correlation functions. We also pointed out the error in the famous Ornstein-Fürth formula.
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